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Abstract 
E. Remila, A linear algorithm to tile the trapezes with h, and v,, Theoretical Computer Science 123 
(1994) 151-165. 
We describe a linear-time algorithm allowing us to know if a planar trapezoidal figure can be tiled by 
elementary rectangles of type h, (horizontal M x 1 rectangle) and a, (vertical 1 x n rectangle). 
In addition, the algorithm gives a tiling, when there exists one. 
1. Introduction 
Polyominoes, and, more generally, pictures drawn on a planar grid, are a subject 
which has fascinated mathematicians for a long time [2,6-S]. They appeared to be of 
great interest in parallel computer science in many research fields: computational 
geometry [2], data organization in parallel computer architecture [ll, 141, formal 
languages theory [S], decidability theory [13], and so on. 
We have focused our attention on the following problem: given a set 52 of poly- 
ominoes, find an efficient algorithm to ~decide whether a finite figure F is tiled by 
instances of Q or not. This problem is obvious when Q contains only one polyomino 
and, as Beauquier and Nivat [l] have done before, we limit ourselves to a very 
particular case: Q is a pair of “bars”, a horizontal bar: the tile h, (m denotes the length 
of this bar) and a vertical bar: the tile v,. Robson [lo] has shown that the problem of 
tiling of a general finite figure with h, and v, is NP-complete with m 3 2, n 3 2, and 
m + n > 4. In the case where m = n = 2, the use of matching theory gives us polynomial 
algorithms [9]. Moreover, Thurston [12] gives a linear algorithm of tiling, for the 
simply connected figures. He uses some interesting groups, which have been intro- 
duced by Conway and Lagarias [4]. 
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Bouge and Cosnard [3] consider a special class of figures called the trapezes. They 
give a very simple characterization of the trapezes which can be tiled with h2 and u2. 
Their work gives a linear algorithm to tile the trapezes which h2 and u2. In this paper, 
we pursue the study of the trapezes by giving a linear algorithm to tile the trapezes 
with h, and v,. 
2. Definitions 
We say that each element (x, y) of Z2 is a square. 
Let (x, y) and (x’, y’) be two squares. We say that (x’, y’) is higher than (x, y) if y’ > y. 
Each square has four neighbors: The squares (x- 1, y), (x-t 1, y), (x, yt 1) and 
(x, y- 1) are, respectively, the left, right, upper and lower neighbors of the square (x, y). 
A jgure F is a finite set of squares. 
A square (x, y) is on the left (right, upper or lower) side of a figure F if (x, y) is an 
element of F and the left (right, upper or lower) neighbor of (x, y) is not an element of F. 
A figure F is called a rectangle a x b (a and b denoting nonnegative integers) if it 
satisfies the following property: there exists a square (x, y) such that F is the set of the 
squares (5, q) such that we have the inequalities x < 5 < x + a and y < r~< y + b. 
In this case, the squares (x, y), (x + a - 1, y), (x, y + b - 1) and (x + a - 1, y + b - 1) are, 
respectively, the lower left, lower right, upper left and upper right corners of the rectangle. 
Let m and n be fixed nonnegative intergers. A tile h, is a rectangle m x 1 and a tile v, 
is a rectangle 1 x n. A tiling U of a figure F with the tiles h, and v, is a set of disjoint 
tiles such that the union of these tiles gives the figure F. 
A horizontal block of a figure F is a rectangle m x j, with j < n, included in F. 
A vertical block of a figure F is a rectangle i x n, with i cm, included in F. Clearly, each 
block admits a unique tiling with h, and u, which only uses one kind of tile. 
The next squares (in the left-right direction) of a block B of a figure F are the 
squares (x, y) such that 
(i) the square (x, y) is in F, but not in B, 
(ii) the square (x- 1, y) is in B. 
A segment is a rectangle a x 1. A figure F is a trapeze if F is empty or if there exists 
a sequence (SO, S1, . . . , S,) of segments, satisfying the following conditions: 
(i) Each segment Si is included in F. 
(ii) The figure F is the union of segments Si. 
(iii) For each integer i, with O<i<r, and for each square (x, y) of Si, the square 
(X,y-1) is in Si+l. 
Remark. (i) For each trapeze T, the sequence (S,, S1, . . . , S,) of segments is unique: let 
y. be the maximal second component of a square of T, necessarily, the segment So is 
the set of squares (x, y) of T such that y = y,; the segment S1 is the set of squares (x, y) 
of T such that y = y, - 1, and so on. 
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square origin 0 
next squares of the block B, 
Fig. 1. Upper fibre of a trapeze. 
(ii) Each trapeze Tis a horizontally convex figure. This means that if (x, y) and (x’, y) 
are squares of T, with x < x’, then the segment S whose left side is the square (x, y) and 
whose right side is the square (x’, y) is included in F. 
(iii) If (x, y) and (x’, y’) are squares of T, then each square (x, y”) with y’ d y" < y 
is in T. 
If T is a trapeze, then the square 0 =(x, y) of So, with x being minimal, is called the 
origin of T. 
The upperjber of a trapeze T is the longest sequence (B,, B1, . . . . BP) of blocks of 
T satisfying the following conditions (see Fig. 1): 
(i) If So contains at least m squares, then B0 is the rectangle m x 1, included in T, 
containing the square origin 0. Otherwise, B0 is the biggest (vertical) block of 
T containing the square 0. 
(ii) For each integer i, with 0 < i < p, block Bi has at least one next square. 
(iii) If there exists a horizontal block B of T whose upper left and lower left corners 
are, respectively, the highest next square of Bi (i.e. the next square (x, y) of Bi, with 
y being maximal) and the right neighbor of the lower right corner of Bi, then we have 
Bi+l=B. Else, Bi+i is the biggest vertical block of T containing the highest next 
square Of Bi. 
The upper fiber (B,, B1, . . . , BP) has a good end if the block B, has no next square. 
Otherwise, the upper fiber (B,, B,, . . . , BP) has a bud end (in the case where the upper 
fiber of T is empty (i.e. B0 does not exist), we say that it has a good end if T is an empty 
figure; otherwise, the upper fiber of T has a bad end). 
3. First properties of the upper fibers 
Lemma 3.1. Let T be a trapeze and (B,,, B1, . , BP) be the upperfiber of T. 
(1) For each integer i, with 0 < i d p, each square (x, y) of the upper side of the block Bi 
is a square of the upper side of the trapeze T. 
(2) For each nonnegative integer j, the square (x + j, y + 1) is not in the trapeze T. 
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Proof (by induction on i). (a) The result is obvious for i=O, since no square of T is 
higher than the square origin 0. 
(b) Let i be an integer, with 0 d i < p. Suppose the result is true for i. Let (x, y) be the 
upper left corner of the block Bi+ 1. This square is the highest next square of the block 
Bi, SO the square (x- 1, y) is in the block Bi. 
(i) If the square (x - 1, y) is the upper right corner of the block Bi, then, by induction 
hypothesis, for each positive integer j, the square (x +j - 1, y + 1) is not in T. This fact 
gives us the result for i+ 1. 
(ii) If the square (x- 1, y) is not the upper right corner of the block Bi, then the 
square (x- 1, y+ 1) is in the block Bi, and the square (x, y+ 1) is in the trapeze T. 
Assume that there exists a positive integer j such that the square (x +j, y+ 1) 
is in the trapeze. T. Then, the horizontal convexity of T (using the segment S, whose 
left and right sides are the squares (x- 1, y + 1) and (x+j, y+ 1)) gives us that the 
square (x, y+ 1) is in the trapeze T, which is a contradiction. Thus, for each positive 
integer j, the square (x +j, y + 1) is not in the trapeze T. This fact gives us the result 
for i+ 1. 0 
Proposition 3.2. Let T be a trapeze whose upperjiber (B,, B,, . . . , BP) has a good end, 
then the figure T’, dejined by T’= T-(BO u B1 u ..’ u B,), is also a trapeze. 
Proof. If T is empty, the result is obvious. If not, let (S,, S1, . . . , S,) be the sequence of 
segments which show that T is a trapeze. Let yj be the second component of the 
squares of the segment Sj and let S>=Sjn T’. 
First, we prove the following fact: If S; is not empty, then S; is a segment. Let (Zj, yj) 
be the square of S> such that Zj is minimal, and (z>, yj) be the square of S; such that zj 
is maximal. Since those squares are in Sj, each square (z, yj), with Zj~z <z>, is in Sj. 
Assume that such a square is not in T’, and let us denote by (5, yj) the one 
with maximal 4. We have r<z>, so the square (t+ 1, yj) is in T’. Moreover, there 
exists a block Bi containing the square (4, yj). Since the square (5 + 1, yj) is in Si, the 
square (c + 1, yj) is not in Bi. Thus, the square (4 + 1, yj) is, in the trapeze T, a next 
square of Bi. Hence, we have i<p, since the fiber has a good end and the square 
(5 + 1, yj) is in the block Bi+ 1. This is impossible, since the square (r + 1, yj) is in the 
trapeze T’. 
Now, let us prove that, for j < r, if (x, yj) is a square of Si, then the square (x, yj - 1) 
is a square of Si+ 1. Obviously, the square (x, yj- 1) is in Sj+ 1, since T is a trapeze. 
Assume that the square (x, yj- 1) is not in T’. Thus, there exists a block Bi containing 
the square (x, yj- 1). Since the square (x, yj) is in T’, the square (x, yj- 1) is a square of 
the upper side of Bi. Thus, from Lemma 3.1, the square (x, yj) is not in the trapeze T, 
which is a contradiction. 0 
This proposition will enable us to do the inductions on the size of the figures. 
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4. The tiling algorithm 
Definition 4.1. A trapeze T is$brous if it satisfies one of the following conditions: 
(i) T is empty, or 
(ii) the upper fiber (B,, B1, . . . , BP) has a good end and the trapeze T’, defined by 
T’=T-(BOuB1u ... uB,), is fibrous. 
When T is fibrous, the$brous tiling of T is the tiling of T which contains the tilings 
of the blocks B,,, B1, . . . , B, and the fibrous tiling of T’ (when T is empty, the empty 
tiling is considered as a fibrous tiling of T). 
Informally, T is fibrous if the successive upper fibers have a good end, and the 
fibrous tiling of T is the tiling of T which tiles those fibers. 
Theorem 4.2. Let T be a trapeze. T admits a tiling with h, and v, if and only if T is 
fib YOUS. 
This theorem is the central result of this paper. It yields a very easy algorithm to tile 
trapezes with h, and v,. 
The proof of the converse of this theorem is obvious, by induction on the size of T. 
The proof of the direct part of this theorem is done by induction on the size of T. 
The initialization of the induction is obvious: If T is empty, then T is fibrous and 
T admits a (empty) tiling. 
Now, let T be a nonempty trapeze admitting a tiling, and assume that each trapeze 
T’, with T’ $T, satisfies the Theorem 4.1. We can assume that the upper fiber of T is 
not empty, since, in that case, the result is obvious. 
We have three distinct cases, according to the end of the upper fiber of T. These 
three cases are treated in the next three sections. 
5. First case: upper fiber of T having a bad end 
Let us write (B,, B1, . . . , B,)=(B,, B1, . . , Bk, Vk+ I, . . . , VP), where Bk denotes the 
last horizontal block of the trapeze T. Let (zO, to) be the highest next square of B,, and 
(zb, to) be the square of T, with zb being maximal. Since the sequence (B,, B1, . . , BP) 
has maximal length, we have zb -z. cm. 
We put horizontal blocks in place of the vertical blocks V, + 1, . , VP, covering first 
the square (zb, to) and going up along the right side of T. 
To do this, we define the sequence (Ho, HI, . . . , Hp_k+ 1) of disjoint horizontal 
blocks by the following two conditions (see Fig. 2): 
(i) Ho is the tile h,, included in T, which contains the square (zb, to) (and, thus, the 
square (zo, to)). 
(ii) Hi the horizontal block whose right side is formed from the squares of 
BP_;+ 1 whose right neighbors are not in T (if, for i =p - k + 1, such squares do not 
exist, we have Hp_k+l=@). 
156 E. RLmilo 
Fig. 2. Notations of part V. 
We have the following remarks: 
(i) Block BP-i+ 1 is equal to VP-i+r, except for i = p - k + 1 where B, is horizontal. 
(ii) If a rectangle Hi is an m x n rectangle, then the upper fiber 
(&,B1,...,& Vkfl,..., Vpei+ 1) would have a good end. This gives us that the 
rectangles Hi's are really blocks. 
Proposition 5.1. Each tiling of trapeze T uses the tiles of the tilings of the blocks 
Ho,HI,...,H,-~+I- 
Moreover, we have k# - 1 (which means there exists a horizontal block Bk). 
Proof. Let n be a tiling of T. There exists a unique tiling of n containing the square 
(zb, to). If this tiling was a tile v,, then the vertical block whose upper corners are the 
squares (zO, to) and (zb, to), would be a block of T, and the sequence (B,, B,, . . , B,) 
would not have maximal length. Thus, the tile of Il containing the square (zO, to) is 
a tile h,, which is necessarily equal to Ho. 
Now, let us assume that, for a fixed integer i such that i cp - k + 1, the tiling n uses 
the tiles of the tilings of the blocks Ho, HI, . . , Hi. In that case, the squares of the right 
side of Hi+ 1 cannot be in a tile u, of Z7, since the intersection of such a tile and Hi 
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would not be empty. Hence, these squares are in tiles h, of Z7 and those tiles form the 
unique tiling of Hi + 1. By induction, this proves the first part of Proposition 5.1. 
Moreover, the block Hp_k is horizontal, the block V,, 1 is vertical and these two 
blocks have the same upper right corner. Since Hp-k is included in T, the left neighbor 
of the upper left corner of V,, 1 is in T, so V k+ 1 is not equal to B,, which proves that 
kisnotequalto -1. 0 
Proposition 5.2. Let T” be the $gure defined by T”=T-(HouH,u ... uH,-~+~). 
Then the3gure T” is a trapeze. 
Proof. Let (S,, S1, . . . , S,) be the sequence of segments so that T is a trapeze. Let yj be 
the second component of the squares of the segment Sj and let S; = Sjn T”. 
First, we prove the following fact: If Sy is not empty, then S; is a segment. Let (Zj, Yj) 
be the square of S[il such that zj is minimal, and (z;, yj) be the square of S;! such that 
z$’ is maximal. Since those squares are in Sj, each square (z, yj), with zj d z d z;, is in Sj. 
Assume that such a square is not in T”, and let us denote by (4, yj) the one with 
maximal 5. We have 5 <z;, so the square (5 + 1, yj) is in T”. Moreover, there exists 
a block Hi containing the square (5, yj). Since the square (5 + 1, yj) is in Sy, the square 
(5 + 1, yj) is not in Hi, so the square (5 + 1, Yj) is, in the trapeze T, a next square of Hi. 
But, by definition, these blocks have no next square. Thus, we obtain the desired fact. 
Moreover, we prove that, if a square (x, y- 1) is on the upper side of a block Hi, 
then the square (x, y) is not in the trapeze T” (this gives us that, for j<r, if (x, Yj) is 
a square of S;, then the square (x, yj- 1) is a square of S;, 1). 
(i) if we have i<p - k, let (z, y- 1) be the highest next square of the block V,-i (this 
block is vertical since we have p-i > k). 
(1) if x 3 z, then the square (x, y - 1) is in the upper side of VP_ i+ 1; so, from Lemma 
3.1, the square (x, y) is not in the trapeze T, so the square (x, y) is not in the trapeze T”. 
(2) if x <z, let us remark that the square (z- 1, y) is a square of the block 
V,_i whose right neighbor is not in T. This means that the square (z- 1, y) is a square 
of the right side of V,_i. Thus, that square is on the right side of Hi+1 (from the 
definition of the blocks Hi). So, for each integer x’ such that z-m < x’ <z - 1, the 
square (x’, y) is not in T”. 
Moreover, let us denote the upper right corner of the block Hi by (z’, y- 1). Clearly, 
we have zdz’ and z’-m<x, so we have z-m <x. Thus, we can say that 
z-mdx,<z- 1, so the square (x, y) is not in T”. 
(ii) if i<p-k and Hp_k+l is not empty, then we can proceed as above to prove the 
result for Hi = Hp_k. 
The result is true for Hi= Hp-k+ 1, since the squares of the upper side of Hp-k+ 1 are 
the squares of the upper side of the horizontal block B,. 
(iii) if i<p-k and Hp-k+l is empty, then the upper right neighbor of Bk and the 
upper left corner of V,, 1 are neighbors, so each square of the upper side of Hp_k is 
either a square of the upper side of V k + 1 or a square of the upper side of B,, which 
gives the result. q 
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Proposition 5.3. The upper fiber of T” is (Bo, B1, . . . , Bk- 1, Vi + 1, . . . , Vb), where Vi is 
defined by Vi= V,+(-m, 0). 
Proof. Clearly, the sequence (B,, B1, . . . , B,_ I) is the beginning of the upper fiber of 
T”. Now, let us see the blocks Vi. 
(I) We first prove that the blocks Vi are included in T. To do this, we prove that if 
(x, y) is a square of Vi, then there exists an integer t, with t>y, such that the square 
(x, t) is in the trapeze T (since the square (x + m, y) is in T (since it is in Vi), we obtain, 
from the remark (iii) about the definition of a trapeze, that the square (x, y) is in the 
trapeze T). 
(i) if i= k+ 1, then the first components of the upper left corner of the block 
Vi+ 1 and the upper left corner of the block Bk are equal. This gives us that, for each 
square (x, Y) of G + 1, there exists a square (x, t), with t 3y, in the upper side of the 
block Bk. 
(ii) if i= k+ 1, we use the same argument, using the block H,_i+ 2 instead of B,. 
(II) Moreover, if such a square (x, y) were in a block Hj, the square (x + m, y) would 
not be in T, which contradicts the fact that the square (x + m, y) is in Vi. So the square 
(x, y) is in the trapeze T”. 
(III) Later, we prove that the next squares, in the trapeze T”, of the block F’I, with 
k < i < p, are the squares (x, y) such that (x + m, y) is, in the trapeze T, a next square of 
a block Vi. 
(a) Let (x, y) be a square of T” such that the square (x- 1, y) is an element of the 
right side of Vi. Since (x, y) is in T”, this square is not in HP-i+ 1, so the square 
(x + m- 1, y) is a square of the right side of Vi, whose right neighbor is in T, which 
gives us that the square (x+m, y) is, in T, a next square of a block Vi. 
(b) Conversely, if (x + m, y) is a square of a trapeze T such that (x + m - 1, y) is an 
element of the right side of Vi, then the square (x+m, y) is in Vi+ 1, so the square (x, p) 
is in Vi+ 1, which is included in the trapeze T”. Moreover, the square (x + m - 1, y) is in 
Vi, so the square (x- 1, y) is, in the trapeze T”, a next square of Vi. 
By a similar argument, we can prove that, in T”, the next squares of Bk_ 1 are the 
squares (x, y) such that the square (x+m, y) is, in T, a next square of the block Bk. 
(IV) Now, we prove, by induction, that (B,, B1, . . . , Bkel, V;+l, . . . , Vi), with 
k < i < p, is the beginning of the upper fiber of T”. 
Let i be a fixed integer, with i<p. Assume that the above fact is true for i. The 
successor of Vi, in the upper fiber of the trapeze T” is Vi, since 
(i) The intersection of each horizontal block B, whose left side contains all the next 
squares of Vi, and the block H,_i is not empty, so B is not included in T”. Indeed, the 
intersection of such a block B with the upper side of Vi+ 1 is necessarily nonempty, and 
that side is included in H,_i. 
(ii) Each vertical block V whose left side contains all the next squares of Vi is such 
that V+(m, 0) contains all the next squares of Vi. So V+(m, 0) is included in Vi+ 1; 
thus, V is included in Vi+ 1. 
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To start the induction, we prove that the successor of Bk_ 1 in the upper fiber of the 
trapeze T” is either F’h+ 1 or does not exist (in the case where p = k), by using the same 
arguments. 
(V) To finish the proof of the above proposition, we prove the following fact: if the 
block I’;, had a successor B, in the upper fiber of the trapeze T”, then the block 
B+(m, 0) would be the successor of VP, in the upper fiber of the trapeze T, which 
would contradict the fact that the fiber (B,, B1, . . . , VP) has maximal length. 
(1) Let us look at the square (zO -m, to) (we recall that (zO, to) is the highest next 
square of the block V,). The square (zO - 1, to) is in V,, so that square is in T. 
Moreover, the square (zo-m- 1, to) is in l’b, so that square is in T. The horizontal 
convexity gives us that the square (zO -m, to) is in T. 
(2) The square (zO -m, to) is in T”, since, if not, it would be in a block Hj. Then, the 
square (zO, to) would not be in T. 
(3) So, since the square (zo-m- 1, to) is in I’;, the square (zO -m, to) is, in T”, 
a next square of Vb. 
(4) Moreover, the square (zO - m, to) is, in T”, a next square of I’;. Indeed, from the 
definitions of the block H1 and of the square (z O, to), the squares (x, y) of the right side 
of Vb, which are higher than the square (zO, to), are such that (x + 1, y) is in H1. This 
proves that (x+ 1, y) is not in T”. 
(5) Now, let B be a block of the trapeze T” containing all the next squares of Vb. So 
the upper left corner of B is the square (zO -m - 1, to), and the lower left corner of B is 
not higher than the lower right corner than I’;. Let (5, to) be the upper right corner of 
B. We have 5 d z’ O -m, since the square (5, to) is not in the block H,, . This gives us that 
the upper side of B+(m, 0) is included in T. By using the remark (iii) about the 
definition of a trapeze, we obtain that the block B+(m, 0) is included in T. 
(6) Moreover, the block B + (m, 0) contains all the next squares of VP, since its upper 
left corner is the square (zO, to) and its lower left corner is no higher than the lower left 
corner of VP. 
If Vb does not exist (in the case where p = k), we use the same arguments with Bk- 1 : 
we prove that if the block Bk_ 1 had a successor B, in the upper fiber of T”, then the 
block B + (m, 0) would be, in T, the successor of Bk, which contradicts the fact that the 
fiber (B,, B,, . . . , Bk) has maximal length. 0 
To finish this case, let us remark that, since the square (zO -m, to) is the highest next 
square of the last block of the upper fiber of the trapeze T”, the upper fiber of T” has 
a bad end. So, by induction hypothesis on the size of T, the trapeze T” admits no 
tiling. Hence, from Proposition 5.1, the trapeze T admits no tiling. This contradicts 
our hypothesis of the general proof of Theorem 4.1. 
6. Second case: upper fiber of T having a good end, with a vertical block 
Most of the proofs of this section are easy or very similar to those of the previous 
section. 
160 E. Rdmila 
Let(Bo,B1,...,Bp)=(Bo,B1,...,Bk, Vk+l,..., VP), where Bk denotes the last hori- 
zontal block of the trapeze T. Let (z, t) be the upper right corner of VP (see Fig. 3). 
Proposition 6.1. Let V be the tile v, whose highest square is the square (z, t), and T”’ be 
the figure dejined by T”’ = T- V. Then 
(a) figure T”’ is a trapeze, 
(b) if the upperjber of T is not merely the sequence (V), then the upper fiber of T”’ 
is the sequence (B,, B1, . . . , Bk, Vk+l, . . . , VP-- V) if V,# V, and is the sequence 
(Bo,BI,...,B~, V~+I,..., V,-,)$Vv,=v. 
Proof. Obvious. 0 
Proposition 6.2. There exists a tiling of the trapeze T with h, and v, containing the 
tile V. 
Proof. Assume that no tiling of T contains V. In that case, we define the sequence 
(Hi, ..., H&C+1 ) of horizontal blocks by 
(i) 23; is the tile h,, included in T, containing the square (z, t), 
Fig. 3. Notations of part VI 
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(ii) for i> 1, Hi is the block whose right side is formed by the squares of the block 
B,-i+ 1 whose right neighbors are not in T (if, for i= p- k + 1, such squares do not 
exist, then HpHk+ 1 =@). 
As in the previous paragraph, we can prove that each tiling of the trapeze T uses the 
tiles of the tilings of the blocks Hi, . . . , H b-k + 1. From that fact, we deduce that the 
figure T”, defined by T”=T-(H~~~~~uH~_~+~), is a trapeze admitting a tiling. 
From the general induction hypothesis, T” is fibrous. 
With the same arguments as used in Proposition 5.3, we can prove the following 
fact:theupperfiberofT”is(B,,Z?,,...,B,_,, VB+l,..., Vb,H,+,),whereVfdenotes 
the block Vi +(-m, 0), and HP+ 1 denotes the m x (n - 1) rectangle whose right side is 
formed by the squares of the right side of V,, except for the square (z, t). 
Let Il be the unique tiling of T using the tiles of the fibrous tiling of T” and the tiles 
of the tilings of the blocks HI, . . . , Hp_k+l and I7’ be the tiling of T obtained by 
putting, in ZI, the m tiles u, whose highest squares are in Hi, in the place of the tile 
H’, and the n - 1 tiles h, of the tiling of H,, 1. The tiling X7’ contains V, which is 
a contradiction. 0 
From the previous propositions, we deduce that the trapeze T”’ admits a tiling. So, 
by induction hypothesis, the tiling T”’ is fibrous. Thus, from the definition of a fibrous 
trapeze, we obtain that the trapeze T’= T-(BOuB1 uB, u ... uB,) admits a tiling 
(indeed, T’ is obtained by taking away its upper fiber to the trapeze T”‘). Thus, by 
induction hypothesis, T’ is fibrous. This means that the trapeze T is fibrous, which 
finishes the proof of Theorem 4.1, for the case under consideration. 
7. Third case: upper fiber of T having a good end, with a horizontal block 
Let (z, t) be the upper right corner of B,, the last block of the upper fiber of T. 
Proposition 7.1. Let H be the unique tile h,, included in T, containing the square (z, t) 
and TC4) be the figure defined by TC4’= T-H. 
(a) Figure TC4’ is a trapeze. 
(b) If the upperfiber of T is not only the sequence (H), then the upperJiber of TC4’ is 
the sequence (B,, B1, . . . , BP-H)ifB,#H;thesequence(BO,B1,...,B,_,)ifB,=H. 
Proof. Obvious. 0 
Now, assume that no tiling of T contains H. Let Il be a fixed tiling of T. We define, 
by induction, the sequence ( Vo, VI, . . . , Vk) of tiles u, of I7 as follows (see Fig. 4). 
(i) The tile V,, is the tile u, of II whose highest square is the square (z, t), 
(ii) Let i be an integer, with Odi< k. Let (zi, ti) be the highest square of Vi. We 
define the square (z. I+ 1, ti + 1 ) by the following conditions: 
(a) ti-n<ti+l <ti and zi<Zi+l. 
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Fig. 4. Notations of part VII. 
(b) For each tile v, of 17 whose upper square (x, y) satisfies the conditions 
ti-n<y<ti and zi<x, we have zi+i<x. 
If such a square (Zi+i, ti+ 1) exists, then the tile Vi+1 is the tile of II whose upper 
square is (zi+ 1, ti+ 1); else we have i = k. 
Let G be the figure formed from the set of the squares (x, y) of the trapeze T. Then 
there exists an integer i such that 
(i) Zi<X, 
(ii) (Zi, y) is a square of Vi. 
Let II, be the subset of 17 formed from the tiles whose intersection with G is not 
empty. 
Proposition 7.2. The set I76 is a tiling of G. 
Proof. Let (x, y) be a square of G. 
(i) If the tile of II containing (x, y) is a tile h, also containing (x + 1, y), then, 
obviously, the square (x+ 1, y) is also in G. 
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(ii) If the tile of n containing (x, y) is a tile h, also containing (x- 1, y), then, by 
definition of G, the square (x+ 1, y) is also in G. Indeed, assume that (x- 1, y) is not in 
G. Then we have x=zi and (zi, y) is a square of Vi. This contradicts the fact that the 
square (x, y) is a tile h, of n. 
The previous points prove that each tile h, of nc is included in G. 
(iii) If the tile of n containing (x, y) is a tile h, also containing (x, y + l), let (zi, y) be 
a square of Vi, with zi<x. If the square (zi, y+ 1) is in Vi, then (x, y+ 1) is in G. 
Otherwise, we have y = ti, and the integer i is not zero. But we have the inequalities: 
ti_,--n<ti<ti_l. Thus, the square (Zi_ 1, ti + 1) is in Vi- 1. SO (zi, ti + 1) =(x, y + 1) is 
in G. 
(iv) If the tile of II containing (x, y) is a tile h, also containing (x, y- l), let (zi, y) be 
a square of Vi, with zi ,<x. If the square (zi, y- 1) is in Vi, then (x, y- 1) is in G. 
Otherwise, we have y- 1 = ti-n (this equality says that the square (Zi, y- 1) is the 
lowest square of the tile Vi). Let (x, y’) be the upper square of the tile u, containing 
(x,y)and (x,Y-1). We have y-l<y’<y-l+a, SO ti-_<<'<ti. Moreover, Xi<X, 
and, by using the (iib) of the definition of the tiles Vi, we obtain zi+ 1 <x. Furthermore, 
the relation ti --n < ti + 1 < ti gives, by using the equality y- 1 = ti- n, the relation 
ti+ 1 -?I<<y-l<ti+l. Thus, the square (ti + 1, y - 1) is in Vi+i, which proves that the 
square (x, y- 1) is in G. 
The previous points prove that each tile v, of IIc is included in G. 0 
Proposition 7.3. Let T (5) be the jigure dejined by TC5) = T- G. 
(a) Figure TC5) is a trapeze, 
(b) The upper Jiber of T (5) is the sequence (B,, B1, . . , BP_ Ir Vz), where VI denotes 
the rectangle (m - 1) x n whose upper side is formed by the squares of the upper side of B,, 
except for the square (z, t). 
Proof. Let (x, y) and (x’, y) be squares of the figure TC5), with X-CX’. Since T is 
horizontally convex, each square (z, y), with x <z<x’, is in T. Moreover, since the 
square (x’, y) is in T (‘I, this square is not in G, so, for each integer i, with 0 < i < k, we 
have the following fact: x’ < Zi or (zi, y) is not a square of Vi. So, for each integer i, with 
0 Q i < k, we have the following fact: z < zi or (zi, y) is not a square of Vi. In other words, 
the square (z, y) is in T (5) Thus, we have proved that the figure TC5) is horizontally .
convex. Let (S,, S1, . . . , S,) be the sequence of segments which give that T is a trapeze 
and let Cj be defined by Cj = Sjn TC5’. The horizontal convexity gives us the following 
fact: If Cj is not empty, then Cj is a segment. 
NOW, let (x, y) be a square of a segment .Zj, with O<j<r. If, for each integer i, with 
0 d i < k, we have x < Zi, then the square (x, y - 1) is obviously in Cj+ 1. Otherwise, let 
i be an integer, with 0 < i 6 k, such that we have zi d x. From the definition of G, the 
square (zi, y) is not in the tile Vi. Assume that the square (zi, y- 1) is not in the tile Vi. 
Thus, we have i # 0, and y - 1 = ti. We know that zi- 1 < zi, so zi _ 1 < x. Moreover, since 
we have tie,-n<ti<ti_,, the square (zi_l,ti+l) in the tile Vi-l. But we have 
ti+ 1 =y, which contradicts the fact that the square (x, y) is not in the figure G. So the 
164 E. RCmila 
square (zi, y - 1) is not in the tile Vi. Thus, from the definition of G, the square (x, y- 1) 
is not in G. This finishes the proof of part (a) of the proposition. 
Part (b) of the proposition is obvious. q 
Proposition 7.4. There exists a tiling of the trapeze T with h, and v,, containing the 
tile H. 
Proof. The set Il- UC is a tiling of the trapeze TC5), so, by induction hypothesis, TC5) 
is fibrous. Let 17’ be the tiling of T, which contains IZG and the fibrous tiling of TC5’. 
Another tiling l7” of T is obtained by putting the n tiles h,, whose right side is formed 
from one square of V,, in the place of the m- 1 tiles v, of the tiling of Vi and the tile 
VO. The tiling II” contains the tile H. i? 
From Proposition 7.4, we obtain that the trapeze TC4’ admits a tiling. Thus, from 
the general induction hypothesis, the trapeze T (4) is fibrous. Thus, from the definition 
of a fibrous tiling, the trapeze T’ = T- (B, u B1 u B2 u ... u BP) admits a tiling (indeed, 
T’ is obtained by taking away the upper fiber of trapeze TC4’). Thus, by induction 
hypothesis, T’ is fibrous. This means that the trapeze T is fibrous, which finishes the 
proof of Theorem 4.1. 0 
8. Complexity of the algorithm 
Clearly, the algorithm presented in this paper is linear in the area, since the 
successive upper fibers can be easily constructed by visiting a finite number of times 
each square (a detailed study can show that this number is at most 3). 
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